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1. INTRODUCTION 
In this article we continue our study on Bellman’s functional equation of 
the form 
oy&ckf(x + Y> + (1 - P> f(x - 391 = f(4 +&a (1) \ 
where x > 0 and 4 < p < 1 and f and g are real valued functions. The prob- 
lem is to find all possible pairs off and g real functions satisfying Eq. (1). 
This equation was introduced by R. Bellman in a slightly less general 
form, see [l]. For the background of this problem we refer to [l] and [2]. 
It was shown in [2] that iff andg satisfy Eq. (1) and iffis continuous, thenf 
is monotonic. 
The purpose of this paper is to generalize the above mentioned result to 
the case when f is bounded above or when f is bounded below in some neigh- 
borhood of an x,, > 0. 
The general solution of the Eq. (1) in the case when g = 0 in the interval 
(4, 1) was given in [2]. 
2. SOME PROPOSITIONS 
First we shall prove the following 
PROPOSITION 1. If f satisfies the Eq. (1) with some g and zf moreover f is 
bounded above in some neighborhood of an x0 > 0, then f is locally bounded 
above in (0, oo), and 
for every x > 0. 
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Proof. First we shall show that f is locally bounded above in (0, co). Let 
us suppose the contrary. In this case there exists an interval a < t < b such 
that 
O<a<b<fco and a:;FbfW = +a, 
. . 
and we can find a sequence x, such that x, + 4, , lim f (x,) = + CO and 
a < x, < b for n = 1, 2,.... We can assume without the loss of generality 
that Z,, < x0. Let us choose t in such a way that 
x0 = (t + 4l)P 
and let p, be fixed, 4 < p, < 1. Then 
(3) 
f&J $-g&o) =f (q) +g(Po) >pof(t) + (1 - Po)fkJ* (4) 
Therefore 
limf(x”,) = +co, (5) 
which is a contradiction, because we assumed that f is bounded above in some 
neighborhood of x0 . 
To prove (2), since f is locally bounded above in (0, co), it is enough to 
show that for some E > 0 
sup f(t) < $-co. 
o<t<e (6) 
If relation (6) were not true, then it would exist a sequence x, such that 
and 
0 < x,+1 < x72 and lim x, = 0 
limf(x,) = +co. 
(7) 
Let x0 be a fixed positive number and let p = p, where 4 < p, < 1. 
Now, if n is large enough then 
f NJ + g@o> = f ( xo ; x, ) + g(Po) 3 ~o.f(xo) + (1 - po) f (4, 
therefore 
limf(x”,) = fco, 
in contradiction to our hypothesis. 
Now, we shall prove the following 
(8) 
(9) 
PROPOSITION 2. If f is a solution of the Eq. (1) which is bounded below in 
some neighborhood of an x0 > 0 with some g then f is locally bounded above in 
(0, a>. 
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Proof. Let us suppose that sup,Gtca f (t) = + co where 0 < a < b < + co 
and let p,, be a fixed number such that 4 <p, < 1. Then there exists a 
sequence x, such that a < x, < b for 71 = 1,2,... and x, + Z,, and 
lim f (xn) = + co. Without the loss of generality we may assume that AY,, < x0 . 
If E > 0 sufficient small, then 
f ( xo ; 4 ) + g(p0) b ((@ -2 ),2)-r:$&-p ),2)+r 0 II 0 GOf ( *O ; f” + r> 
+ (1 - P,)f ( xo ; 2o -Y)] = +cQ, 
which is obviously impossible. 
With Propositions 1 and 2 we can prove the following 
PROPOSITION 3. If f is a solution of Eq. (1) with some g and if either f is 
bounded above or iff is bounded below in some nezihborhood of an x0 > 0, then 
dl - 0) =,=&f(x +Y) -f(x), 
holds for every positive x. 
Proof. Let x be a fixed positive number, then the relation 
(1 -P)f(X--0) +Pf(x+Yo)Gg(P) t-f(x) 
<(I -P)~$f(X-Y)+PQ~zf(X+Y), 
(12) 
is valid for every y. such that 0 < y. < x. 
The right-hand side of (12) implies that 
lin$~PMP) + f (x>l G ogFa f (x + Y)* 
On the other hand, let E be a fixed positive number. For this E there exists 
an y. such that 0 < y. < x and 
o$&f (x + Y> - f (x + Yo) -=c Em 
Therefore 
(14) 
The relations (13) and (15) prove our proposition. 
With the help of the Proposition 3 we can prove the following. 
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PROPOSITION 4. If f is a solution of the Eq. (1) with a g having positive 
value for at least one p in the interval (+, 1) and moreover if f is bounded below 
or f is bounded above in some neighborhood of an x,, > 0, then g(l - 0) > 0. 
COROLLARY. Under the assumptions of Proposition 4 for every positive x 
there exists a y,, such that 0 < y. < x and 
f (4 < fk + Yo) 
Proof. If g( 1 - 0) = 0, then 
(y-vGf (x + Y) - f (4 = 0, 
for every x > 0. Therefore f(x) >, f(x + y) for 0 < y < x. Thus f has a 
limit at +0, which may be +a. 
On the other hand, it is easy to see that a function f with lim,=+s f = + ;x, 
cannot satisfy Eq. (1) with any g. Furthermore, according to Proposition 3 
of [2], if a function f has a finite limit at +0, then f cannot satisfy the Eq. (1) 
with a not identically zero g. Thus we see that the assumption g( 1 - 0) = 0 
leads to a contradiction. 
3. CHARACTERIZATIONS OF THE GENERAL SOLUTION 
We introduce first two new families of functions. Let us define for every 
x > 0, h&) by 
where 0 < 01 < x and let us define for every x > 0 z,,(x) by 
C+,(X) = inf{ol: h.Ja) = h,(x), where 0 < 01 < x}. 
With the help (16) the Eq. (11) can be written into the form 
(17) 
g(1 - 0) = kc(x) - f (4 (18) 
Now, we shall prove the main result of this article. 
THEOREM 1. If f is a solution of the Eq. (1) with a g having positive value 
for at least one p in the interval (4, 1) and if f is either bounded below or f is 
bounded above in some neighborhood of an x0 > 0, then f is increasing. 
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Proof. Let x be a fixed positive number. First we show that 
f(t) <f(x) for x - E < t < x, 
with some E > 0 such that E < x. 
Indeed, let 
(19) 
B={t:x/2<t<xandf(t)>f(x)}. (20) 
If B = (pi or if sup B < x - E for some E > 0, then there is nothing to 
prove. So we assume that sup B = x. Let sup{f(t): x/2 < t < x} = A. It is 
obvious, that A > f (x). Let us choose to in such a way that 
A-f(t,))<g(l~O) and $<t,tx, (21) 
moreover we assume that f(t,) >f(x). 
For this to 
hto(to) < ma+4 h&4). 
Therefore 
Uto) -f&J <g(l - O), 
(22) 
which is a contradiction according to Proposition 3. 
Now, we shall prove that for that fixed x > 0 there exists an E > 0 such 
that 
f(x) G f(t), forx,<t<x+E. (23) 
If%(x) > 0, then for every t such that x < t < x + U,,(X) 
w 2 Mx), (24) 
therefore f(t) 3 f(x), f or every such a t. If q(x) = 0, then there exists a 
sequence (tn} such that x < tn < 2x for n = 1,2,..., (t,J is decreasing, 
t,-+xand 
lim f (tJ = h,(x). (25) 
Let us assume that there exists a to such that x < to < 2x and f (t,,) < f(x). 
Let us choose tn in such a fashion that 
x < t, < t, , h,(x) - f (tn) < f(x) 2 f(to) and f (t,J >f(x). 
Since htm(t,) - f (t,J = h,(x) -f(x) we see that ht,(tn) > h,(x) which implies 
that 
sup f(t) > s&f’“)* 
2x<t<2t, 
(26) 
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(27) 
On the other hand, since 
g(1 - 0) +f(tJ = h&J < h&o) = g(1 - 0) +f(GP 
we see that 
f(tn> G fM (28) 
in contradiction to our hypothesis. 
Now, it is easy to see that relations (19) and (23) prove that f is increasing 
in (0, co). 
4. CHARACTERIZATIONS OF THE MONOTONIC SOLUTIONS 
In the last section we showed that under some very weak regularity condi- 
tions f is monotonic. In this section we establish further properties off. 
THEOREM 2. If f is a solution of Eq. (1) with a g having positive value for at 
least one p in the interval (4, 1) and if moreover, f is bounded below OY if f is 
bounded above in some neighborhood of an x0 > 0, then for every x > 0 
f(2x) -f(x) =f(2) -f(l) (2% 
and f is continuous from the left. 
Proof. According to Theorem 1 and Eq. 11 
f(h - 0) -f(x) = g(1 - O), (30) 
for every x > 0. It is easy to see that if f is continuous at x, then it is continu- 
ous at 2x, too. Let x = x,, be a discontinuity off, and let us assume that 
f(%) > f (% - 0). (31) 
By choosing the sequence {x,J in such a way that x, ---f x0 , x, < x,+i < x,, 
for n = 1, 2,... and f is continuous at x, for n = 1, 2,... we see that 
f (2% - 0) - f @II - 0) = g(1 - O), (32) 
because f is increasing and for every x, 
f(2%) -f(%) = g(1 - 0). (33) 
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On the other hand 
f(zx, - 0) - f(%) = g(l - 0). 
Therefore, the inequality (31) leads to a contradiction. 
Now, we shall prove the following 
(34) 
PROPOSITION 5. If f is a solution of the Eq. 1 with some g having positive 
value for at least one p in (4, 1) and ;f, moreover f is bounded above OY z.f is 
bounded below in some neighborhood of an x,, > 0, the 
g(Q + 0) + f (4 3 * O=&[f (x + r> + f (x - 391. (35) 
Proof. According to Theorem 1 f is increasing, therefore g is increasing 
and thus g(+ + 0) exists. Since the inequality 
g(p) + f (4 > Pf (2 + Yo) + (1 - PI f (x - Yoh (36) 
holdsforeveryfixedx,yandpsuchthatx>0,O~yy,<xand~<p<1, 
we see that the inequality 
dt + 0) + f 64 z t[f (x + Yo) + fb - roll9 (37) 
holds for every fixed x and y0 such that x > 0 and 0 < y0 < x, and the 
inequality (37) proves our proposition. 
With the help of Proposition 5 we can prove the following. 
THEOREM 3. If f is a solution of the Eq. (1) with a g having positive value 
fm at least one p in (Q, 1) and f i moreover, g(+ + 0) = 0 and if f is bounded 
below or if f is bounded above in some neighborhood of an x0 > 0, then 
f(x) = c log x + d where c > 0 and d are arbitrary constants. 
Proof. Ifg(+ + 0) = 0, th en f rom (35) it follows that f is Jensen-concave, 
and therefore f is continuous in (0, co) because according to Theorem 1 f is 
increasing. Thus the conditions of Theorem 4 of [2] are satisfied, which proves 
our theorem. 
5. CONDITIONS ON g 
In this section instead off we assume regularity conditions only on g. 
PROPOSITION 6. If f is a solution of Eq. 1 with a g having positive aa& for 
at least one p in the interval (4, 1) an d f i moreoverlim inf,,-, g(p) < CD, then f 
is increasing. 
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Proof. According to Theorem 1 if f is not increasing, then it is not 
bounded above in any interval. Therefore there exists a sequence (xn} such 
that X, --t x,, > 0 and limf (X,J = +KI. Let y be a fixed positive number 
such that x0/2 < y < x0. Then 
f ( fn ; x72 ) + g(p) =f (Y) + dP> 2 PfhL> + (1 - P)f &h (38) 
for 4 < p < 1. Let lim inf,,r-,,g(p) = K. Let us choose X, in such a way 
that f(xn) > max(2,2[j f(y)1 + K]}. Therefore 
Pf (4 + (1 - P>f&J > m4,24 f (39 + KI), (39) 
if 1 - E <p < 1 for some E > 0, which is obviously a contradiction. Thus 
we have the following theorem. 
THEOREM 4. If f is a solution of the Eq. (1) with a g having positive value 
for at least onep in (6, 1) and ;f moreoverg(& + 0) = 0 and ;f 
lim infg(p) < +oO, 
Pil-0 
then f (x) = c log x + d, where c 3 0 and d are arbitrary constants. 
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